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1. INTRODUCTION

Below, I give a brief summary of some of the related publications which were written during this contract with the
AFRL. The work was conducted on both semiconductor heterostructures and graphene, whose energy band structure
is shown schematically in Fig. 1. The calculations we report here for graphene and graphene nanoribbons took the
hexagonal lattice structure into account. This is depicted in Fig. 2.

Some of our focus was on the conventional 2DEG with dispersion fully characterized by the electron effective mass
and density in the conduction band. More recently, we turned our attention to the problem of response from the
relativistic 2DEG. A good candidate to provide such an electron gas is graphene. Since graphene is a truly 2D system,
it is informative to briefly compare it with the conventional 2DEG. Both of them provide two types of excitations:
electron-hole pairs and collective modes such as plasmons. Electron-hole pairs are incoherent excitations of the Fermi
sea and a direct consequence of the Pauli exclusion principle along with neglecting Coulomb interactions. Those
exist whenever the polarization satisfies �m Π2D �= 0. On the other hand, the plasmons are related to the screening
mechanism. If a test charge is placed in the 2DEG, the mobile electrons are set into motion in order to screen its
electric field. As a result of the finite electron effective mass, they overshoot and the electron density starts to oscillate.
Due to the absence of the mass of the Dirac electrons, one can assume that the plasmon oscillations in graphene should
be qualitatively different from those of a conventional 2DEG.

In a system with relativistic-like dispersion E = ±vF |k|, such as graphene, these plasma excitations change con-
siderably when the Fermi level is at or close to the Dirac point. In this case, the Fermi surface shrinks to a point
and only inter-band transitions between the lower and upper part of the cone are allowed. Therefore, there are no
electron-hole excitations at low energy (ω < vF k). Each excitation costs energy and the electron-hole continuum
occupies the upper part of the energy (h̄ω) vs. momentum (k) diagram.

We also carried out a careful study of the electronic subband structure of InAs/GaSb based type II and broken-gap
quantum well systems. Additionally, we reported on the band hybridization and spin-splitting in InAs/AlSb/GaSb
type II and broken-gap quantum wells. Our obtained results will give us a clearer understanding of potential device
applications and their potential for use as sensors.

This contract was a successful collaboration between AFRL and Hunter College/City University of New York
(CUNY). In addition to the large number of published refereed publications and conference abstracts, invited and
contributed talks at international conferences, Dr. Huang and I wrote a textbook on the techniques we employed
in our research. This will be published by Wiley VCH in 2011. The cover of this book is appended (see Fig.A-1)
in the Appendix) along with a flyer of a Workshop we are organizing in Spain in August, 2011 (see Fig. A-2 in the
Appendix) as well as the front cover of a special issue on graphene (see Fig. A-3 in the Appendix).

FIG. 1: Schematic of the energy band structure of graphene near the K-point.

In this report, we will first present the studies for the electron dynamics in different low-dimensional semiconductor
systems. This part includes: the Bloch oscillation in quantum-dot superlattices that allows the optimal design
of coherent terahertz emitter and detector for secured pilot communication and distant IED/explosive detection;
the elastic/inelastic scattering of conduction electrons in quantum wires that allows the fabrication of high-speed
electronics for on-chip signal processing; the spin entanglement of interacting electrons in a quantum dot driven by
a surface acoustic wave that has potential applications in secured optical communication and encryption; the field-
driven plasma instability in two-dimensional electron gas that can be used for tunable emission and detection, as well
as coherent amplification of signal, in the terahertz and far-infrared frequency regimes; and the effect of spin-orbit
interaction on thermoelectric power of electrons in quantum wires that can be employed for the design on-chip cooling
of photodetectors. After this, we will present the studies for the electron dynamics in novel two-dimensional graphene
materials. This part include: the induced energy gap in graphene quantum-dot array that has a very important
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FIG. 2: Lattice structure of graphene.

application to tunable photodetection from terahertz up to visible frequency regimes; the unimpeded tunneling of
carriers in graphene nanoribbons that will allow the design of tunable p-n nano-junctions for both optoelectronics and
ultra-speed electronics used for photodetectors and on-chip processors; and the tunable band structure of graphene
nanoribbons by electric and magnetic fields that can be employed for the use of frequency-tunable detection.

2. DISCUSSION OF RESULTS

2.1 Low-Dimensional Semiconductor Physics

The studies of electron dynamics in different low-dimensional semiconductor systems will be addressed in this
part. For example, the exploration of Bloch oscillation in quantum-dot superlattices will allow the optimal design
of coherent terahertz emitter and detector for secured pilot communication and distant IED/explosive detection.
The investigation of elastic/inelastic scattering of conduction electrons in quantum wires will allow the fabrication of
high-speed electronics for on-chip signal processing. The exploration of spin entanglement of interacting electrons
in a quantum dot driven by a surface acoustic wave has potential applications in secured optical communication
and encryption. The searching for field-driven plasma instability in two-dimensional electron gas can be used for
tunable emission and detection, as well as coherent amplification of signal, in the terahertz and far-infrared frequency
regimes. The study for the effect of spin-orbit interaction on thermoelectric power of electrons in quantum wires can
be employed for the design on-chip cooling of photodetectors.

2.1.1 Quantum oscillations in the high frequency magnetoacoustic response of a quasi-two-dimensional
metal

In this work, we presented the results of a theoretical analysis of magnetic quantum oscillations of the velocity
and attenuation of high frequency ultrasound waves traveling in quasi-two-dimensional (Q2D) conductors. We chose
a geometry where both the wavevector of the longitudinal sound wave and the external magnetic field are directed
along the axis of symmetry of the Fermi surface. Assuming a moderately weak Fermi surface corrugation, we showed
that the oscillating correction to the sound velocity may include a special term besides an ordinary contribution
originating from quantum oscillations of the charge carrier density of states at the Fermi surface. This additional
term is generated by a phase stability resonance occurring when the charge carrier velocity in the direction of the
wave propagation equals the sound velocity. The two oscillating contributions to the sound velocity are shown to
differ in phase and shape, and they may have the same order of magnitude. The appearance of the extra term
may bring about significant changes in magnetic quantum oscillations of the velocity of sound in Q2D conductors,
especially at low temperatures. This work is closely related to our research on the optical probing of quantum dot
structures which we now describe.
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2.1.2 Bloch oscillation, dynamical localization, and optical probing of electron gases in quantum-dot
superlattices in high electric fields

Numerical results were presented for the time-dependent and steady-state currents as well as a long-time average
current in a strong nonlinear DC and AC electric field for an electron gas in a one-dimensional (1D) quantum-dot
superlattice. A microscopic model is employed for the scattering of electrons by phonons and static impurities
by means of the Boltzmann equation method. The DC results are favorably compared with recent exact analytic
results based on a relaxation-time model for electron-phonon scattering. Our results demonstrate the different roles
played by elastic and inelastic scattering on the damped Bloch oscillations as well as the nonlinear steady-state
current and their opposite roles on the damped dynamical localization. We also find a suppression of dynamical
localization by strong Bloch oscillations and new features in the Esaki-Tsu peaks in the presence of an AC electric
field when electron scattering is not neglected. On the basis of calculated non-equilibrium electron distribution from
the Boltzmann equation, a self-consistent-field approach is employed to establish a general formalism for the optical
response of current-driven electrons in both the linear and nonlinear regimes to a 1D quantum-dot superlattice. The
DC-field dependencies of both the peak energy and peak strength in the absorption spectrum for a 1D quantum-dot
superlattice were calculated, from which we find: (1) both the peak energy and its strength are significantly reduced
with increasing DC electric field; and (2) the peak energy and peak strength are enhanced anomalously by raising
the temperature for the nonlinear transport of electrons when a strong DC electric field is applied. We now describe
some of the numerical techniques employed in our studies of nonlinear transport in quantum wires.

2.1.3 Coupled force-balance and scattering equations for nonlinear transport in quantum wires

The coupled force-balance and scattering equations were derived and applied to study nonlinear transport of elec-
trons subjected to a strong dc electric field in an elastic-scattering-limited quantum wire. Numerical results have
demonstrated both field-induced heating-up and cooling-down behaviors in the nonequilibrium part of the total
electron-distribution function by varying the impurity density or the width of the quantum wire. The obtained
asymmetric distribution function in momentum space invalidates the application of the energy-balance equation to
our quantum-wire system in the center-of-mass frame. The experimentally observed suppression of mobility by a
driving field for the center-of-mass motion in the quantum-wire system has been reproduced. In addition, the thermal
enhancement of mobility in the elastic-scattering-limited system has been demonstrated, in accordance with a simi-
lar prediction made for graphene nanoribbons This thermal enhancement has been found to play a more and more
significant role with higher lattice temperature and becomes stronger for a low-driving field.

We now turn our attention to describing the research we conducted on single and few electron transport through
narrow channels in semiconductor heterostructures, using high-frequency electrostatic pumps.

2.1.4 Spin-split excitation gap and spin entanglement of a pair of interacting electrons in a quantum dot

We calculated the energy eigenvalues, the spin-split excitation gap (energy separation between the spin-triplet
excited state and the spin-singlet ground state) and the concurrence for two interacting electrons captured in a
quantum dot (QD) formed by a giga hertz electron pump which is modeled by harmonic confining potentials. We
found from our calculations a peak in the QD size dependence of the energy level for the spin-singlet ground state,
indicating the effect due to Coulomb blockade. In addition, we observed a local minimum in the QD size-dependence
of the spin-split excitation gap for a relatively narrow quasi-one-dimensional (1D) channel formed from an etched
wire, but a strong positive peak for the spin-split excitation gap in its QD size dependence with a relatively wide 1D
channel. From the existence of a robust spin-split excitation gap against both thermal fluctuation due to finite (low)
temperatures and the nonadiabatic effect due to fast barrier variations, we predicted a spin-entangled electron pair
inside the dynamical QD with a weak coupling to external leads. An interference-type experiment which employs a
gate-controlled electron pump and a beam splitter is proposed to verify this prediction. For the electron pump, a
sinusoidal radio-frequency signal is applied to the entrance gate of a two gated system over a narrow channel etched
in a GaAs/AlGaAs heterostructure, where the measured current within the channel shows plateaus at Nef with
N = 1, 2, · · · being the number of captured electrons in a QD, and f the frequency of the sinusoidal signal. See
Figs. 3, 4 and 5. In Fig, 3(a), we show two captured electrons from below the Fermi level in the channel; in Fig.
3(b), we depict that one of the two entangled electrons in a quantum dot is lifted up and over the exit barrier. The
horizontal solid line represents the position of the Fermi level in the channel. The size of the quantum dot changes
with time when an RF sinusoidal signal is applied to the left gate, thereby causing the confining potential region
forming the quantum dot to be lowered below the Fermi level and then rise again. In Fig. 4, we chose �y/a0 = 5. In
(a), the red solid curve is for the spin-singlet ground state, while the blue dash-dot-dotted curve is for the spin-triplet
excited state. The horizontal dashed line, on the other hand, represents the energy of spin-triplet excited state for
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two noninteracting electrons. Here, the zero-energy point for a single electron is set at h̄Ωy/2. In Fig. 5(a), a QD is
defined by gates V1 (with an AC voltage V AC supposed on V1) and V2. Two paths P1 and P2 are created to allow
each of the two spin-entangled electrons from the dot to be separated. Gate VCS is used to open and close path
P2 and gate VBS is used as a beam splitter for the detection stage of the spin-entangled electrons. In Fig. 5(b) a
two-dimensional gray scale deferential plot of pumped current through a QD. The individual plateaus are marked on
the plot. The frequency of the RF signal was set to f = 310.6MHz and the power −10dBm. The dotted white box
indicates the regime where two electrons are trapped in the dot. The plateau marked by A indicates where only one
of the electrons is pumped through the system and the plateau marked by B is where both electrons are pumped.

EF
EF

Entrance
Barrier

a) b)

Entrance
Barrier

Exit
Barrier

Exit
Barrier

FIG. 3: Schematic illustration of the harmonic confining potential in 2D (lower) and 3D illustration (upper) with two captured
electrons.

2.1.5 Enhanced optical probe of current-driven coupled quantum wells

In this project, we investigated the conditions necessary to achieve stronger Cherenkov-like instability of plasma
waves leading to emission in the terahertz (THz) regime for semiconductor quantum wells (QWs). The surface
response function is calculated for a bilayer two-dimensional electron gas (2DEG) system in the presence of a periodic
spatial modulation of the equilibrium electron density. The 2DEG layers are coupled to surface plasmons arising from
excitations of free carriers in the bulk region between the layers. A current is passed through one of multiple layers and
is characterized by a drift velocity vD for the driven electric charge. By means of a surface response function formalism,
the plasmon dispersion equation is obtained as a function of frequency ω, the in-plane wave vector q‖ = (qx, qy) and

reciprocal lattice vector nG where n = 0,±1,±2, · · · and G = 2π/d with d denoting the period of the density
modulation. The dispersion equation, which yields the resonant frequencies, is solved numerically in the complex
ω-plane for real wave vector q‖. It is ascertained that the imaginary part of ω is enhanced with decreasing d, and
with increasing the doping density of the free carriers in the bulk medium for fixed period of the spatial modulation.
See Figs. 6, 7 and 8. In Fig. 6, the surface at z = 0 is covered by a grating (red lines) with period d and the width
of the grating is assumed small compared to the period d. The doped barriers (AlGaAs) are the unshaded areas and
quantum wells (GaAs, blue areas) in the z direction are indicated as the 2DEG layers. The system is embedded in a
dielectric medium. In Fig. 7, the frequencies are expressed in units of ωF and are plotted as functions of the in-plane
wave vector q‖ in units of kF . The real solutions, shown in black, have several branches. The imaginary solutions are
shown in red. No modulating potential was applied in these calculations. Only those plasmon frequencies with finite
imaginary parts are presented. The parameters used in the calculations are given in the text with ωp = 0.92ωF .

2.1.6 Collective properties of excitons in the presence of a two-dimensional electron gas

In an effort to further understand the optical properties of semiconductor heterostructures, we studied the collective
properties of two-dimensional (2D) excitons immersed within a quantum well which contains 2D excitons and a
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FIG. 4: (a) Two-interacting-electron energy eigenvalues ε/h̄Ωx [in (a)] and the deduced Coulomb effect on the spin-split
excitation gap (ΔEst − h̄Ωx)/h̄Ωx [in (b)] as functions of the QD size �x/�y.

two-dimensional electron gas (2DEG). We have also analyzed the excitations for a system of 2D dipole excitons
with spatially separated electrons and holes in a pair of quantum wells (CQWs) when one of the wells contains a
2DEG. Calculations of the superfluid density and the Kosterlitz-Thouless (K-T) phase transition temperature for the
2DEG-exciton system in a quantum well have shown that the K-T transition temperature increases with increasing
exciton density and that it might be possible to have fast long range transport of excitons. The superfluid density
and the K-T transition temperature for dipole excitons in CQWs in the presence of a 2DEG in one of the wells
increases with increasing inter-well separation.
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FIG. 5: (a) A schematic of a device that could be used to produce and measure spin-entangled electrons. (b) A two-dimensional
gray scale deferential plot of pumped current through a QD · · ·
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FIG. 6: Schematic illustration of a bilayer with an applied electrostatic modulation periodic in the x direction.

2.1.7 Comparison of inelastic and quasielastic scattering effects on nonlinear electron transport in
quantum wires

When impurity and phonon scattering coexist, the Boltzmann equation has been solved exactly for nonlinear
electron transport in a quantum wire. Based on the calculated non-equilibrium distribution of electrons in momentum
space, the scattering effects on both the linear and nonlinear mobilities of electrons as functions of temperature and
dc field were demonstrated. The linear mobility of electrons is switched from a linearly increasing of temperature to a
parabolic-like temperature dependence as the quantum wire is tuned from an impurity-dominated system to a phonon-
dominated one [see T. Fang, et al., Phys. Rev. B 78, 205403 (2008)]. In addition, a maximum has been obtained in
the dc-field dependence of nonlinear mobility of electrons. The low-field mobility is dominated by impurity scattering,
whereas the high-field mobility is limited by the phonon scattering [see M. Hauser, et al., Semicond. Sci. Technol.
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FIG. 7: Plots of the real (left scale) and imaginary (right scale) parts of the plasmon frequency for a bilayer 2DEG system with
spacing a = 100 Å between the layers.
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FIG. 8: The same as Fig. 7, except that the frequency ωp = 1.84ωF .

9, 951 (1994)]. Once a quantum wire is dominated by the elastic scattering, the peak of the distribution function
becomes sharpened and both tails of the equilibrium electron distribution centered at the Fermi edges are raised by
the dc field after a redistribution electrons in the momentum space is fulfilled in a symmetric way. If a quantum
wire is dominated by the inelastic scattering, on the other hand, the peak of the distribution function is unchanged
while both shoulders centered at the Fermi edges shift leftward correspondingly with increasing dc field through an
asymmetric redistribution of the electrons in momentum space [see C. Wirner, et al., Phys. Rev. Lett. 70, 2609 (1993)].

2.1.8 Band hybridization and spin-splitting in InAs/AlSb/GaSb type II and broken-gap quantum wells

We conducted a detailed theoretical study on the features of band hybridization and zero-field spin splitting in
InAs/AlSb/GaSb quantum wells (QWs) for possible use as semiconductor sensors. An eight-band k · p approach
is developed to calculate the electronic subband structure in such structures. In the absence of the AlSb layer,
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the hybridized energy gaps can be observed at the anti-crossing points between the ground electron subband and
heavy-hole subband in respectively the InAs and GaSb layers. In such a case, the position and magnitude of the
gaps are spin-dependent. When a thin AlSb layer is placed between the InAs and GaSb layers, we find that the
ground electron subband in the InAs layer is now hybridized only with the ground light-hole subband which is also
hybridized with the ground heavy-hole subband in the GaSb layer. The hybridized energy gaps and spin splitting
in the InAs/AlSb/GaSb QWs are reduced significantly. These results can be used to understand why relatively high
mobilities for electrons and holes can be achieved in InAs/AlSb/GaSb type II and broken gap QWs. The present study
is relevant to the applications of InAs/GaSb based QW structures as new generation of high-density and high-mobility
electronic devices. (See Figs 9, and 10.)
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FIG. 9: Band alignment for an AlSb/InAs/AlSb/GaSb/AlSb type II and broken-gap quantum well.
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FIG. 10: The energy spectrum, En(k‖), for electrons and holes in an AlSb/InAs/GaSb/AlSb quantum well as a function of
the wavevector k‖ at the fixed InAs/GaSb layer widths 17/5 nm. The solid and dashed curves are for spin-up and spin-down
states.
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2.1.9 Signatures of carrier multiplication in polariton fluorescence spectra

An innovative concept is the integration of solar cell with a photodetector through growth process for self-power
supply on the pixel level. We would like to develop a hybrid quantum heterojunction-based solar cell system, which
transforms solar energy as input to phase-coherent electric waves as output to minimize heat dissipation. Each
hybrid quantum unit is a regular network of QDs. Each node is a QD with a surrounding subnetwork of quantum
wells connected by quantum wires in a nearest-neighbor configuration. Energy and other quantities are realized in
dynamic, controlled electron-hole configurations.

In our initial work, we investigated carrier multiplication (CM). The fundamental science is the creation of cavity
exciton polariton in the strong coupling regime, carrier multiplication mechanism, driven plasma instability, Forster
mechanism for inter-dot exciton energy exchange, as we now describe. Using the micro-cavity coupled to q-deformed
bosons, we investigated the signatures of carrier multiplication in the single and two photon emitted frequency resolved
florescence. Those are compared to the spectra provided by the conventional multi photon induced florescence. The
two processes are distinguished by the statistics of the initial polariton distribution. We investigated all possible
ranges of the exciton confinement above the saturation limit. For all of them the exciton emission spectra turned out
to be CM insensitive, while the polaritons emission demonstrates strong spectral signatures of the CM.We concluded
that in extremely weak confinement regime the increase in quantum yield leads to consecutive appearance of Rabi
multiplets. The correlation spectra reveal one more multiplet as compared to the single photon emission. When the
confinement increases the Rabi multiplets start to overlap and their classification requires transient measurements of
the spectral snapshots. Those are based on the discrete Auger lifetimes of the multi-excitons. When the confinement
is strong enough so that the bosonic picture of the excitons is strongly q-deformed the CM mechanism enhances the
Mollow triplet commensurate with the Rabi doublet for the single polariton. (See Figs. 11)

c( )

FIG. 11: Schematics of the multi-photon presence from the polariton states populated by CM.

2.1.10 IR modes in 2DEHGS magneto-infrared modes in InAs-AlSb-GaSb coupled quantum wells

The properties of hetrostructures under large magnetic field conditions would help in determining their suitability for
device applications. So, in collaboration with an experimental group at the high magnetic field facility in Tallahassee,
we studied a series of InAs/GaSb coupled quantum wells using magneto-infrared spectroscopy for high magnetic fields
up to 33T within temperatures ranging from 4K to 45K in both Faraday and tilted field geometries. This type of
coupled quantum wells consists of an electron layer in the InAs quantum well and a hole layer in the GaSb quantum
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well, forming the so-called two dimensional electron-hole bilayer system. Unlike the samples studied in the past, the
hybridization of the electron and hole subbands in our samples is largely reduced by having narrower wells and an
AlSb barrier layer interposed between the InAs and the GaSb quantum wells, rendering them weakly hybridized.
Previous studies have revealed multiple absorption modes near the electron cyclotron resonance of the InAs layer
in moderately and strongly hybridized samples, while only a single absorption mode was observed in the weakly
hybridized samples. We have observed a pair of absorption modes occurring only at magnetic fields higher than 14T
that exhibited several interesting phenomena. Amongst this interesting phenomena we found two unique types of
behavior that distinguishes this work from the ones reported in the literature. This pair of modes is very robust
against rising thermal excitations and increasing magnetic fields aligned parallel to the heterostructures. While the
previous results were aptly explained by the antilevel crossing gap due to the hybridization of the electron and hole
wavefunctions, i.e. conduction-valence Landau level mixing, the unique features reported in this paper cannot be
explained with the same concept. The unusual properties found in this study and their connection to the known
models for InAs/GaSb heterostructures will be discussed; in addition, several alternative ideas will be proposed in
this paper and it appears that a spontaneous phase separation can account for most of the observed features. See Fig.
12 for the measured cyclotron resonance at low magnetic fields and the anomalous splitting near filling factor ν = 1

2
.

FIG. 12: The energies of the absorption modes as a function of magnetic field are displayed. The energy separation is about
60 cm−1 in zone (1), 80 cm−1 in zone (2) and 25 cm−1 in zone (3).

2.1.11 Energy bands, conductance and thermoelectric power for ballistic electrons in a nanowire with
spin-orbit interaction

We calculated the effects of spin-orbit interaction (SOI) on the energy bands, ballistic conductance (G) and the
electron-diffusion thermoelectric power (Sd) of a nanowire by varying the temperature, electron density and width
of the wire. The potential barriers at the edges of the wire are assumed to be very high. A consequence of the
boundary conditions used in this model is determined by the energy band structure, resulting in wider plateaus when
the electron density is increased due to larger energy-level separation as the higher subbands are occupied by electrons.
The nonlinear dependence of the transverse confinement on position with respect to the well center excludes the “pole-
like feature” in G which is obtained when a harmonic potential is employed for confinement. At low temperature, Sd

increases linearly with T but deviates from the linear behavior for large values of T . (See Figs. 13, 14(a) and 14(b).)

2.2 Physics of Graphene and Nanotubes

The studies of electron dynamics in novel two-dimensional graphene materials will be addressed in this part. For
example, the exploration of induced energy gap in graphene quantum-dot array has a very important application to
tunable photodetection from terahertz up to visible frequency regimes. The investigation of unimpeded tunneling
of carriers in graphene nanoribbons will allow the design of tunable p-n nano-junctions for both optoelectronics
and ultra-speed electronics used for photodetectors and on-chip processors. The study of tunable band structure of
graphene nanoribbons by electric and magnetic fields can be employed for the use of frequency-tunable detection.
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Drain

Source

FIG. 13: Schematic illustration of the nanowire of 2DEG between a source and drain.

2.2.1 Quasiparticles for a quantum dot array in graphene and the associated magnetoplasmons

We calculated the low-frequency magnetoplasmon excitation spectrum for a square array of quantum dots on a
two-dimensional (2D) graphene layer. The confining potential is linear in the distance from the center of the quantum
dot. The electron eigenstates in a magnetic field and confining potential are mapped onto a 2D plane of electron-hole
pairs in an effective magnetic field without any confinement. The tight-binding model for the array of quantum dots
leads to a wavefunction with inter-dot mixing of the quantum numbers associated with an isolated quantum dot.
For chosen confinement, magnetic field, wave vector and frequency, we plot the dispersion equation as a function of
the period d of the lattice. We obtain those values of d which yield collective plasma excitations. For the allowed
transitions between the valence and conduction bands in our calculations, we obtain plasmons when d <

∼ 100Å. Not
only did we start investigating the optical properties of graphene, but also its transport properties, as we now describe.

2.2.2 Unimpeded tunneling in graphene nanoribbons

We have analyzed the Klein paradox in zigzag (ZNR) and anti-zigzag (AZNR) graphene nanoribbons for transmis-
sion through a potential barrier. Due to the fact that ZNR (the number of lattice sites across the nanoribbon = N is
even) and AZNR (N is odd) configurations are indistinguishable when treated by the Dirac equation, we supplemented
the model with a pseudo-parity operator whose eigenvalues correctly depend on the sublattice wavefunctions for the
number of carbon atoms across the ribbon, in agreement with the tight-binding model. We have shown that the Klein
tunneling in zigzag nanoribbons is related to conservation of the pseudo-parity rather than pseudo-spin in infinite
graphene. The perfect transmission in the case of head-on incidence is replaced by perfect transmission at the center
of the ribbon and the chirality is interpreted as the projection of the pseudo-parity on momentum at different corners
of the Brillouin zone. See Fig. 15.

2.2.3 Tunable band structure effects on ballistic transport in graphene nanoribbons

Another aspect of the electron transport was undertaken for graphene nanoribbons (GNR) in mutually perpendicular
electric and magnetic fields showing dramatic changes in their band structure and electron transport properties. A
strong electric field across the ribbon induces multiple chiral Dirac points, closing the semiconducting gap in armchair
GNR’s. A perpendicular magnetic field induces partially formed Landau levels as well as dispersive surface-bound
states. Each of the applied fields on its own preserves the even symmetry Ek = E−k of the subband dispersion. When
applied together, they reverse the dispersion parity to be odd and gives Ee,k = −Eh,−k and mix the electron and hole
subbands within the energy range corresponding to the change in potential across the ribbon. This leads to oscillations
of the ballistic conductance within this energy range. In Fig. 16, panels (a) represent the dispersion curves for the
electrons (green curves) in the conduction band and holes (blue curves) in the valence band. The lowest conduction
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FIG. 14: Comparison of the conductance G (upper panel) to the electron-diffusion thermoelectric power Sd (lower panel), as a
function of the electron density n1D with a wire width W = 568.7 Å and a temperature T = 4K for α = 0 (black curves) and
α = 0.5 eV·Å (red curves), respectively.

and highest valence subbands are given by the thick curves. Panels (b) shows local density of states. Panels (c) give
the corresponding ballistic conductance in units of 2e2/h. Panels (1) correspond to absence of the em. field. Panels (2)
correspond to the sole magnetic field of the flux through a single hexagon placket φ/φ0 = 1/150. Panel (3) show the
effect of the sole electric field of the strength U0/t0 = 1/2. Panels (4) demonstrate the combined effects due to an
electric and magnetic field with the same strength as that employed in panels (2)-(3).

2.2.4 Spin-dependent scattering by a potential barrier on a nanotube

The electron spin effects on the surface of a nanotube have been considered through the spin-orbit interaction (SOI),
arising from the electron confinement on the surface of the nanotube. This is of the same nature as the Rashba-Bychkov
SOI at a semiconductor heterojunction. Using a continuum model, we obtained analytic expressions for the spin-
split energy bands for electrons on the surface of nanotubes in the presence of SOI. We calculated analytically the
scattering amplitudes from a potential barrier located around the axis of the nanotube into spin-dependent states.
We investigated the dependence of tunneling and reflection on the height of the potential barrier, the angular and
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FIG. 15: The transmission |t(ky,1, ky,2)|
2 for 9-AZNR non-chiral π electron. Panels (a.1)-(d.1) correspond to over the barrier

transmission E > V0.

( .3)a( .1)a

3

3

3

FIG. 16: Energy bands, local density of states and ballistic conductance of armchair nanoribbons in the presence of an in-plane
electric field and/or perpendicular magnetic field.

linear momentum of the incoming particle, and its spin orientation. We demonstrated that perfect transmission may
be achieved for certain barrier heights. (See Figs. 17, 18(a) and 18(b).)
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FIG. 17: Schematic illustration of the nanotube in the presence of a particle having linear momentum parallel to the axis of
the nanotube as well as angular momentum around its axis. The incoming particle impinges on a barrier of uniform thickness .
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FIG. 18: Transmission Probabilities in the presence of impurities (defects) included phenomenologically via Eq. (27) of Ref.
[8] listed above with the parameter γ related to temperature for (a) the “+” states and (b) the “ − ” for SOI Eα = 0.08Ef .

3. CONCLUSIONS

In conclusion, we carefully conducted basic research into problems that were computationally intensive and required
a team of researchers at the AFRL and CUNY to bring them to a stage that would be difficult to undertake by a single
Principal Investigator (PI). Our focus was on the photonics and electron transport in graphene and semiconducting
heterostructures. Specifically, we were engaged in studying (a) plasma instability in semiconductor heterostructures,
(b) carrier multiplication in quantum dots and applications to solar cells, (c) single and few electron transport in
semiconductor heterostructures, (d) nonlinear transport in systems with reduced dimensionality and (e) electron
transport on carbon nanotubes. The budget was mainly used to support a post doctoral fellow, a graduate student
and part-time undergraduates. Team coordination discussions were held at least once each week between CUNY and
AFRL to brief each other on the progress made on our research and to discuss new directions. Wherever necessary,
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there was a sharing of algorithms.
The electron dynamics in different low-dimensional semiconductor systems has been explored, which has a variety

of defense-related applications. For example, the Bloch oscillation in quantum-dot superlattices facilitates the optimal
design of coherent terahertz emitter and detector for secured pilot communication as well as the distant IED/explosive
detection. The spin entanglement of interacting electrons in a quantum dot driven by a surface acoustic wave can
be used for secured optical communication and encryption. In addition, the electron dynamics in two-dimensional
graphene materials has also been explored, which has many novel applications. For example, the unimpeded tunneling
of carriers in graphene nanoribbons will allow the design of tunable p-n nano-junctions for both optoelectronics and
ultra-speed electronics used for photodetectors and on-chip processors. The tunable band structure of graphene
nanoribbons by electric and magnetic fields can be employed for the use of frequency-tunable detection.
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